Abstract. We consider Legendrian contact structures on odd-dimensional complex analytic manifolds. We are particularly interested in integrable structures, which can be encoded by compatible complete systems of second order PDEs on a scalar function of many independent variables and considered up to point transformations. Using the techniques of parabolic differential geometry, we compute the associated regular, normal Cartan connection and give explicit formulas for the harmonic part of the curvature. The PDE system is trivializable by means of point transformations if and only if the harmonic curvature vanishes identically.
Introduction
A Legendrian contact structure (M; E, F ) is defined to be a splitting of a contact distribution C (on an odd-dimensional manifold M) into the direct sum of two subdistributions E, F that are maximally isotropic with respect to the naturally defined conformal symplectic structure on C. Such structures can be treated in both the real smooth and complex analytic categories. In the current paper, we assume that all our manifolds and related objects are complex analytic, although many results are also valid in the smooth category.
We shall exclusively deal with integrable Legendrian contact structures (or just ILC structures), which means that both isotropic subdistributions are completely integrable. The main sources of ILC structures are compatible complete systems of 2nd order PDEs on one unknown function of several variables, i.e. ∂ 2 u ∂x i ∂x j = f ij (x, u, ∂u), 1 ≤ i, j ≤ n, and the complexifications of (Levi-nondegenerate) CR structures of codimension 1. The smallest dimension of a manifold with a Legendrian contact structure is 3. In this dimension both isotropic subdistributions are 1-dimensional and are automatically completely integrable. The corresponding ILC structures can be encoded by a single 2nd order ODE and have been well-studied starting from the pioneering work of Tresse [17] (see also [2, 6, 15] ). Their real counterpart, CR structures on 3-dimensional real hypersurfaces in C 2 , have also been well-studied starting from the classical works ofÉlie Cartan [7, 8] .
Legendrian contact structures belong to the class of so-called parabolic geometries. In particular, they enjoy a number of important properties derived from the general theory of parabolic geometries [4] : the existence of a natural Cartan connection, description of the principal invariants in terms of the representation theory of simple Lie algebras, finite-dimensional symmetry algebras, and the classification of submaximal symmetry dimensions [12] . Legendrian contact structures are modeled by the flag variety Flag 1,n+1 (C n+2 ) of pairs of incident lines and hyperplanes in C n+1 equipped with a natural action of PGL(n + 2, C).
We note that in [16] , Takeuchi studied the special class of Legendrian contact structures that are induced on the projective cotangent bundle M = P(T * N) from a projective structure (N, [∇] ). With the sole exception of the flat model, this induced structure on M is never an ILC structure. Thus, his study is transverse to our study here.
In the current paper we are mainly interested in the classification of multiply transitive ILC structures in dimension 5 . The term "multiply transitive" means that the symmetry algebra of the ILC structure should be transitive on the manifold and should have a non-trivial isotropy (i.e. at least one-dimensional) at each point. As our study here is local in nature, we may as well require these conditions in an open subset of the manifold.
In dimension 3, all multiply transitive ILC structures are flat. This reflects a well-known fact that any 2nd order ODE is either equivalent to the trivial equation u ′′ (x) = 0 and has 8-dimensional symmetry algebra, or its symmetry algebra is at most 3-dimensional. In dimension 5 this is no longer the case, as, for example, the submaximal ILC structures have symmetry algebra of dimension 8 and are multiply transitive [12] . In fact, all ILC structures with 8 symmetries are locally equivalent. This leaves us with the classification of ILC structures with 6-and 7-dimensional symmetry. A similar classification of integrable CR-manifolds in dimension 5 with transitive symmetry algebras of dimension 7 was done by A.V. Loboda [13, 14] .
As in case of the geometry of scalar 2nd order ODEs, complete systems of 2nd order PDEs also admit a notion of duality that swaps the set of dependent and independent variables with the space of constants of integration parametrizing the generic solution. This corresponds to swapping the two isotropic distributions defining the ILC structure. We classify ILC structures up to this duality and indicate which structures are self-dual, i.e. locally equivalent to their dual.
In his famous 1910 paper [5] ,Élie Cartan studied the geometry of rank two distributions on 5-manifolds having generic growth vector (2, 3, 5) . For such structures, Cartan solved the local equivalence problem and obtained a classification of all multiply transitive models. 1 While the equivalence problem was solved by means of Cartan's equivalence method [10] , we bypass this step in our study of ILC structures by using the full power of parabolic geometry. Indeed, representation theory is used to quickly construct the full curvature module and set up the structure equations for the (regular, normal) Cartan geometry. Our classification of multiply transitive ILC structures implements Cartan's technique, which we refer to as Cartan's reduction method.
There is another striking similarity between ILC structures in dimension 5 and (2, 3, 5) distributions. In both cases the fundamental invariant is represented by a single binary quartic. Similar to the Petrov classification for the Weyl curvature tensor in Lorentzian (conformal) geometry, we classify ILC structures in dimension 5 by the number and multiplicity of roots of this quartic. We also prove that non-flat multiply transitive structures may only have type N (a single root of multiplicity 4), type D (two roots of multiplicity 2), or type III (one simple root and one root of multiplicity 3). This is quite similar to Cartan's result [5] that all multiply transitive (2, 3, 5)-distributions have either type N or type D. We identify the maximal symmetry dimension for each Petrov type in Theorem 3. 1 .
The main result of our paper can be summarized as follows: 12 , u 22 the second order partial derivatives of the unknown function u, and use the notation p = u 1 , q = u 2 for the first order derivatives. 
The functions F µ and G κ are defined as follows:
In particular, the parameters µ, κ are both allowed to take the value ∞ if the contrary is not stated. Remark 1. 3 . A checkmark or cross under the SD column indicates that every element in the indicated family is self-dual or not self-dual, respectively. The situation for N.6-2 is more complicated. The corresponding ILC structure is self-dual if and only if the parameters µ and κ satisfy µ−κ−2 = 0 or µ + κ + 1 = 0 (see Table A .6). Remark 1. 4 . Equations from different items in this list correspond to inequivalent ILC structures. However, there are some additional equivalence relations on parameter spaces for multi-parameter equations within the same item. They are indicated in the last column of Table 1 . 1. Our labelling abides by the following rules. The first letter (N, D, or III) denotes the type of the invariant binary quartic. The next digit (6, 7, or 8) refers to the dimension of the symmetry algebra. The final digit is a labelling of the equation within the given subclass. Finally, the case D.6-3 ∞ is a limit of D.6-3 as the parameter λ tends to infinity. Table 1 .2 describes basic algebraic properties of symmetry algebras for obtained models. The paper is organized as follows. In Section 2 we provide generalities concerning Legendrian contact structures, establish the relationship between ILC structures and compatible complete systems of 2nd order PDEs, discuss the notion of duality, define the (regular, normal) Cartan connection associated with a given ILC structure, and provide explicit formulas for the fundamental (harmonic) part of its curvature. [7, 6, 4, 3, 3] , a = ±
In Section 3 we specialize to 5-dimensional ILC structures, define the fundamental binary quartic and prove that ILC structures of types I and II cannot be multiply transitive We also reconstruct the full curvature tensor of the Cartan geometry.
In Section 4 we proceed with the detailed Cartan analysis of the general regular, normal Cartan connection, which involves normalizing parts of the curvature and its derivatives, reducing the Cartan bundle and iterating the procedure. As we are interested only in multiply transitive ILC structures, we terminate this process as soon as the fibers become 0-dimensional. This leads us to the list of all possible structure equations for the reduced bundles. We integrate each of these structure equations and come up with the corresponding ILC model defined in terms of the system of 2nd order PDEs. Finally, in the Appendix we give the detailed Lie algebra isomorphisms establishing the correspondence between the Cartan equations of the reduced bundle and the model systems of 2nd order PDEs, the equivalence relations on the parameters and the duality.
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Legendrian contact structures
2.1. Generalities. On any contact manifold (M, C), the contact distribution C ⊂ T M is locally defined by the vanishing of a 1-form σ (unique up to multiplication by a non-vanishing function), and dσ| C is a (conformal) symplectic form. Given a splitting C = E ⊕ F ⊂ T M into transverse Legendrian subdistributions E and F , i.e. dσ| E = 0 and dσ| F = 0, we say (M; E, F ) is a Legendrian contact (LC) structure. Let dim(M) = 2n + 1, so n = rank(E) = rank(F ). Two LC structures (M; E, F ) and (M ;Ẽ,F ) are (locally) equivalent if there exists a (local) diffeomorphism φ : M →M such that dφ(E) =Ẽ and dφ(F ) =F . There is also a natural notion of duality of LC structures: the dual of (M; E, F ) is (M; F, E).
Since E and F are Legendrian, then [E, E] ⊂ C and [F, F ] ⊂ C. The projections from C onto E and F induce maps τ E : Γ(E) × Γ(E) → Γ(F ) and τ F : Γ(F ) × Γ(F ) → Γ(E) which obstruct the integrability of E and F . The structure is semi-integrable or integrable according to whether one or both of τ E , τ F are identically zero. In the latter case, we call it an ILC structure. Proposition 2.1. Given any contact manifold (M, C) of dimension 2n + 1 and a rank n integrable subdistribution V ⊂ C, we may choose local coordinates (
Proof. Since V is integrable and rank n, then by the Frobenius theorem there exist local coordinates
The contact condition (dσ) n ∧ σ = 0 implies that not all λ i can simultaneously vanish, so WLOG λ n+1 = 0 locally, and after rescaling we may assume λ n+1 = 1. Now define u = x n+1 and p i = λ i . The contact condition guarantees that (x i , u, p i ) is indeed a coordinate system.
Suppose that V := F is integrable, i.e. the LC structure is semi-integrable. By Proposition 2.1, there exist functions
Equivalently, we are studying the geometry of the system of scalar 2nd order PDE
considered up to point transformations. These are contact transformations which preserve the (vertical) bundle V . All such transformations are precisely the prolongations of arbitrary diffeomorphisms in the (x i , u) variables. The system (2.2) is overdetermined if n > 1. If n = 1, then (2.2) is a single 2nd order ODE, whose point geometry has been well-studied [17] .
Remark 2.2. Consider the jet spaces
On J 2 , the contact system is {du − p i dx i , dp i − p ij dx j }, expressed in standard jet coordinates. Pulling back to a submanifold E defined by 
This is exactly the compatibility condition of (2.2).
Duality.
If the dual LC structures (M; E, F ) and (M; F, E) are equivalent, then we say that the structure is self-dual. For ILC structures, the notion of duality generalizes the classical duality for 2nd order ODE [6] . Namely, for the ILC structure (M; E, V ) given by (2.1), we can (by Proposition 2.1) find coordinates (y i , v, q i ) for the dual ILC structure (M; V, E), i.e.
2) (and is well-defined only up to point transformations).
Example 2. 4 . The simplest example of an ILC structure is the flat model
, is a contact (but non-point) transformation which swaps the E and V subbundles, so this structure is self-dual.
Example 2.5. For ILC structures when n = 2, we have the self-dual D.7 systems:
where p = u 1 and q = u 2 . For fixed λ, a self-duality, i.e. a swap (E, V ) → (V, E), is exhibited by
Moreover, S λ ∼ = S 1/λ when λ = 0 via the transformation Φ(x, y, u, p, q) = (y, x, λu, λq, λp).
As in the case of dual 2nd order ODEs, the dual ILC structures can be constructed in terms of the corresponding PDE models via swapping the space of independent and dependent variables with the space of integration constants parametrizing solutions of a given compatible PDE. In more detail, the general solution of any compatible system (2.2) is parametrized by n + 1 constants of integration and can be written as:
We can consider this as an (n+1)-parameter family of hypersurfaces in (x i , u)-space with parameter space (a j , b). On the other hand, we can (locally) regard b as a function of a j , so that (2.3) can be interpreted as an (n + 1)-parameter family of hypersurfaces in (a j , b)-space with parameter space (x i , u). This is the solution space of a well-defined compatible system of 2nd order PDE's on b(a j ). Algorithmically, we construct the dual PDE system by differentiating (2.3) with respect to a j (regarding x i , u as constants and b as a function of a j ), solving the obtained system of n+1 equations with respect to x i , u and substituting the solution into the second order derivatives of (2.3) with respect to a j .
Example 2. 6 . In the simplest example of the flat equation u ij = 0 the general solution is given by:
Treating b as a function of a j , differentiating this solution twice and excluding x i , u we get the same flat equation b ij = 0. This again demonstrates the self-duality of the flat model. 
Regarding c as a function of a, b and treating x, y, u as parameters, we have c a = y + 2b(x + a), c b = (x + a) 2 , and 2. 3 . LC structures as parabolic geometries. There is an equivalence of categories between (holomorphic) LC structures (M; E, F ) and (regular, normal) parabolic geometries (G → M, ω) of a fixed type (G, P ) [4] . Here, G = PGL(n + 2, C) acts on the flag variety of pairs of incident lines and hyperplanes:
and P ⊂ G is the parabolic subgroup which is the stabilizer of a chosen origin. Since A ∈ GL(n + 2, C) and λA (for λ ∈ C × ) have the same action on G/P , we will instead use G = SL(n + 2, C). The kernel of this action is isomorphic to the cyclic group Z n+2 , generated by multiples of the identity matrix by (n + 2)-th roots of unity. In terms of Lie algebras, P corresponds to the parabolic subalgebra p ⊂ g = sl n+2 defined by the contact grading:
The reductive part of p is g 0 ∼ = C 2 × sl n (corresponding to the diagonal blocks (a, A, b)) and there is a unique element Z ∈ Z(g 0 ) that induces the grading. We refer to the eigenvalues of Z on a particular g 0 -module as its homogeneities.
At the origin o ∈ G/P , we have .4) respectively. The induced G-invariant structure (G/P ; E, F ) is the flat LC structure, and (G → G/P, ω G ) is the flat model, where ω G is the MaurerCartan form on G. The dimension of the Lie algebra of (infinitesimal) symmetries of the flat model is dim(G) = n 2 + 4n + 3. A Cartan geometry (G → M, ω) of type (G, P ) is a curved analogue of the flat model. It consists of a principal P -bundle G → M equipped with a Cartan connection ω ∈ Ω 1 (G; g). This means:
. Using the framing of T G provided by ω yields a P -equivariant function κ : G → 2 g * ⊗ g which descends to κ :
For parabolic geometries, the Killing form on g yields a P -module isomorphism (g/p)
* ∼ = p + , so we obtain a function κ : G → 2 p + ⊗ g. The geometry is
• regular if κ is valued in the subspace of 2 p + ⊗ g consisting of positive homogeneities;
where ∂ * is the Lie algebra homology differential.
Harmonic curvature. For regular, normal parabolic geometries, since (∂
. This fundamental curvature quantity is called harmonic curvature and is a complete obstruction to flatness of the geometry. The P -module
is completely reducible, so p + acts trivially. By a result of Kostant [11, 4] , the 2-cochains C 2 (g − , g) admit the (orthogonal) g 0 -module decomposition
where ∂ is the Lie algebra differential, and = ∂∂ * + ∂ * ∂ is the Kostant Laplacian. Thus,
.
With respect to such a section, the remaining coefficients are
To obtain harmonic part of the normal curvature it is sufficient to compute only normalization conditions in homogeneity 1 and 2. Our structure is semi-integrable by construction. Therefore the only non-zero curvature coefficients in homogeneity 1 are coefficients in front of
We have:
, Setting all possible terms above equal to 0 we get:
Additionally, we make certain that the first order curvature part is indeed integrability condition for E:
df ij dx k . Proceed now to homogeneity 2. For normalization conditions, using (2.5) it is sufficient to compute scalar product of the curvature with elements of im ∂. The homogeneity two elements in the im ∂ are given in Table 2 .1. 
Homogeneity 2 curvature components that we need are:
Namely, we have the following equations:
Solving the linear system of equations above we get the homogeneity 2 coefficients of normal Cartan connection:
The the W-component of harmonic curvature function κ H is generated by traceless in (i, j) and symmetric in (i, l), (j, k) tensors of module which is generated by
We denote these coefficients as W il jk and assume that
and
Using eqs. (2.6) and (2.14) to (2. 16 ) we obtain that W il jk is equal to traceless part of tensor T il jk :
Coefficients W il jk are symmetric in (i, l), (j, k), traceless in (i, j) and form the W-component of κ H .
ILC structures in dimension five
Henceforth, we specialize to the n = 2 ILC case, which correspond to compatible PDE systems
where F, G, H are functions of (x, y, u, p, q) with p = u 1 and q = u 2 . Equivalently, E and V as in (2.1) (with f 11 = F , f 12 = G, f 22 = H) are both integrable. Let us fix notation for p. Take the standard (upper triangular) Borel subalgebra, diagonal Cartan subalgebra h, and simple roots α i = ǫ i − ǫ i+1 ∈ h * for i = 1, 2, 3. The dual basis Z 1 , Z 2 , Z 3 ∈ h to the simple roots is given by
The grading element adapted to P is Z := Z 1 + Z 3 . Use linear coordinates on p:
Let E ij ∈ gl 4 have 1 in the (i, j) position and 0 otherwise, and let H kk := E kk − E 44 (k = 4). A standard sl 2 -triple spanning the semisimple part (g 0 ) ss ⊂ p is given by: With respect to (Z 1 , Z 3 ), W has bi-grading (+1, +1) so that its homogeneity is +2. As sl 2 -modules, W ∼ = 4 (C 2 ), i.e. the space of binary quartics in r, s, say. Hence, we can explicitly write κ H as:
Strictly speaking, this is the pullback of κ H by a (local) section σ : M → G. Since P + acts vertically trivially on ker(∂ * )/ im(∂ * ), (3.3) is canonically defined only up to a G 0 -transformation.
Petrov classification.
As in the Petrov classification of the Weyl tensor in 4-dimensional Lorentzian (conformal) geometry and the classification of (2, 3, 5)-distributions [5] , ILC structures can be classified based on the (pointwise) root type of the binary quartic field (3.3). We use the same notation for types as in the Petrov classification, e.g. type N and D indicate a single quadruple root and a pair of double roots respectively. Any ILC structure admits at most a 15-dimensional symmetry algebra and 15 is realized only on (an open subset of) the flat model (up to local isomorphism). Among (regular, normal) parabolic geometries (G → M, ω) of a given type (G, P ), Kruglikov and The [12] gave a general method for finding the submaximal symmetry dimension, i.e. the symmetry dimension for any non-flat structure, and for ILC structures this dimension is eight. These techniques can also be used to determine the maximal symmetry dimension for ILC structures with constant root type. We briefly outline their method. A non-trivial root type corresponds to a G 0 -orbit {0} = O ⊂ W (or in type I, a collection of G 0 -orbits). Defining a φ = g − ⊕ ann(φ) for non-flat ILC structures, we have:
Since dim(ann(φ)) is constant along G 0 -orbits, it suffices to evaluate it on a cross-section. 
where S = p + uq. Its harmonic curvature is given by the quartic:
which has four distinct roots on the open set {S = 0}. The equation is invariant with respect to the action of sl 2 ⋉ C 2 generated by:
which is type II when λ, µ = 0, λ + µ = 0, 1 according to
The symmetry algebra is generated by the 5 vector fields: 
By (3.4), the result is proved for N and D, while for III, II, I the upper bound is one more than in the stated result. For the latter, we show that the upper bound is never realizable. Consider the type III orbit and assume there is a model with 7-dimensional symmetry algebra s. According to [12] , s admits a natural filtration
with associated graded Lie algebra isomorphic to a 0 ⊕ g −1 ⊕ g −2 , where a 0 is the above annihilator of the type III orbit and g −1 , g −2 are graded subspaces of g = sl(4). In other words, s is a deformation of the above 7-dimensional graded Lie algebra.
Any such deformation is necessarily invariant with respect to
Its action on g −1 and g −2 diagonalizes with pairs of eigenvalues (1, 1), (1, 3), (−1, 1), (−1, −1) and (0, 2) respectively. Denote by 
However, due to Jacobi identity we get a = b = c = 0. Thus, there are no non-trivial deformations in Type III case, and dimension 7 of symmetry algebra is not realized.
Similarly, for types I and II we have the one-dimensional annihilator a 0 spanned by T = Z 1 − Z 3 . Using the same argument, we get a 4-parameter family of non-trivial deformations s given by:
Each of these deformed filtered Lie algebras s defines an equivariant ILC structure on the homogeneous space S/S 0 , where S is the corresponding Lie group and S 0 is the subgroup corresponding to the 1-dimensional subalgebra spanned by T . Consider the the corresponding tautological embedding α of s into g (as a linear map). It defines an equivariant Cartan connection on S/S 0 , whose curvature is determined in terms of the map α as:
The above formulas for the Lie bracket in s show that R α is concentrated in homogeneity 2. Thus, the constructed equivariant connection is regular, but not necessarily normal. But it differs from the canonical normal Cartan connection in degree 2 and higher. Therefore, harmonic parts of curvature tensors for these two connections coincide. It is easy to see however, that the harmonic part of R α vanishes identically for any values of parameters a ij . Therefore, the corresponding normal connection is flat, and all above equivariant ILC structures are flat as well. This contradicts the assumption that they have type I or II.
We exclude types II and I from further consideration, since no multiply transitive models exist. 
, and for ILC structures K 11 = K 44 = 0. The structure equations are dω ij = −ω ik ∧ ω kj + K ij , i.e.
To convert from κ : G → 2 p + ⊗ g to K ∈ Ω 2 (G; g), the Killing form on sl 4 induces (g/p) * ∼ = p + : On G, the curvature coefficients A, B, C, D will satisfy structure equations that also account for variation in the horizontal direction. These are immediately deduced from Table 3 .2. For example,
Here, α 1 is a semi-basic form, i.e. it is a linear combination (with coefficients that are functions on G) of the ̟ i . We have abused notation in (3.5) by taking a slightly different meaning for δ(A 1 ): we have taken the corresponding formula in Table 3 .2 and replaced Lie algebra parameters by their corresponding forms in the Cartan connection. This abuse is justified by axiom (CC.3) in the Cartan connection definition. Similarly, we will write
(The repetition of δ in the last formula is slightly unfortunate, but should not cause much confusion.) 3. 4 . Duality. The pullback of the subbundles E, V ⊂ T M via the projection π : G → M are
These are interchanged by the duality transformation, a representative of which is 
In particular, the induced action on the quartic is realizable by a G 0 -transformation, namely that induced by ρ : (x, y) → (y, −x). Since any G 0 -transformation preserves root type, this proves:
. The duality transformation preserves root type.
However, the duality transformation differs from (x, y) → (y, −x) on B, C, D coefficients:
Note that the composition ρ • ι preserves A and induces
Cartan analysis
Starting with the (regular, normal) Cartan geometry (G → M, ω) which is an equivalent description of any ILC structure, the goal is to classify all homogeneous sub-bundles of total dimension at least six that are obtained via natural reductions of the structure group P . We give an outline of how this is achieved in the type N case. The analysis for types D and III are similar, so we only provide a few details on how the analysis is begun in these cases. Types II and I do not contain any multiply transitive structures. The reader interested in the full details of the Cartan analysis is encouraged to examine the Maple files which accompany the arXiv submission of this paper.
4.1.
Type N reduction. Using the P -action (G 0 -action), we can always normalize A = y 4 , i.e.
3 Now 0 = d(A i ) are equivalent to: 
We have reduced to a 3-dim structure algebra (with parameters v 3 , z 1 , z 2 ). We will show that: 
Moreover, B 3 and B 7 are relative invariants:
If z 1 , v 3 = 0. The structure algebra is reduced to diag(
), and this acts trivially vertically under the 6 symmetry assumption. Hence,
All coefficients with nonzero (vertical) scaling weight with respect to z 1 must vanish. Differentiating the relations on ζ 2 , ν 1 , ν 2 , ν 3 , τ 1 , τ 2 , τ 3 , τ 4 , τ 5 , we conclude from these weights that (ζ 1 + ζ 2 )) implies relations among the T ij . We obtain:
and all other T ij not appearing above are zero. Differentiating the τ i -relations (i = 1, ..., 4), we obtain the vertical action: 
We have at most 6 symmetries, and for 6 the residual structure algebra (generated by z 2 ) must act vertically trivially. This forces ζ 1 = ν 3 = 0 and T 41 = T 44 = T 51 = T 54 = T 55 = 0. But 0 = dζ 1 = −2̟ 1 ∧ ̟ 2 = 0 yields a contradiction. The T 43 = 0, T 21 = 0 case similarly yields a contradiction. Thus, we conclude that T 21 = T 43 = 0 and hence τ 2 = τ 3 = 0. From 0 = dτ 2 = dτ 3 , we obtain T 51 = T 54 = T 55 = 0.
SUMMARY: For multiply transitive type N structures, we have reduced to an 8-dimensional subbundle of the original Cartan bundle (given the normalizations A = y 4 and α 5 = 0).
• Curvature coefficients: All A, B, C, D are zero, except A 5 = 1.
• Coframe: ̟ 1 , ..., ̟ 5 , ζ 1 , ζ 2 , ν 3 . Relations on other forms:
• Among α i , β j , γ k , δ ℓ , the only possibly nontrivial forms are β 4 = τ 2 and β 8 = −τ 3 .
• All Bianchi identities are satisfied, e.g. 0 = d 2 ν 1 , etc.
• 
• Let Φ be the duality transformation:
This preserves A and induces (τ 1 , τ 4 ) → (τ 4 , τ 1 ) and so (T 11 , T 41 , T 44 ) → (T 44 , T 41 , T 11 ). The case analysis based on the relative invariants T 11 , T 41 , T 44 is straightforward. Some care is required to deduce any redundancy of parameters appearing in the structure equations. Consider the case T 11 = 0. Normalize T 11 = 1, so r 4 6 = 1 r 2 10 , and ζ 2 = 3ζ 1 + Z 21 ̟ 1 + Z 24 ̟ 4 is forced. Quotienting the structure group by diag(r 2 , r 2 , r 2 , r 2 ) (since these act trivially), we may WLOG take the diagonal to be diag . Let Q be the residual group below.
(1) N.6-1 : T 41 = 1 and ζ 1 = Z 11 ̟ 1 +Z 14 ̟ 4 . Then Q ∼ = Z 2 , generated by E = diag(−1, 1, 1, −1).
Let Z 24 = 4a, so ±a yield the same structure. We must a(a 2 + 1) = 0 and
Thus, a 2 ∈ C\{0, −1} is the essential parameter. . Here, Q ∼ = Z 2 × Z 2 generated by M 1 = diag(−1, 1, 1, −1) and M 2 = diag (1, 1, −1, 1) . Then:
Thus, (a 2 , b 2 ) ∈ C × C is the essential parameter. 
Differentiating the ζ 2 -relation above yields the vertical action on coefficients in α 3 = a 3j ̟ j :
Normalize α 3 = 0, so τ i = T ij ̟ j . We have reduced to the 2-dimensional structure algebra diag
, so all type D structures admit at most seven symmetries. Using duality and the G 0 -map (x, y) → (y, −x), we can assume that B 1 or B 2 is nonzero, or B = 0.
For the 7-symmetry case, the 2-dimensional structure algebra must act trivially. This forces:
• only C 5 (necessarily constant) to survive among B, C, D coefficients; 4, 5, 8) , and γ j = 0, and
This yields model D. 7 . The 2-dimensional structure group is generated by diag(r 1 , 5 Only this last transformation acts non-trivially on C 5 , i.e. C 5 → −C 5 . Thus, (C 5 ) 2 ∈ C is the essential parameter. The 6-symmetry case proceeds similarly, but is very tedious, particularly for the B 2 = 0 case that leads to model D.6-2. All type D structure equations are given in Table 4 .3. 
2 −5a−6
The latter two correspond to (x, y) → (x, −y) and (x, y) → (−y, x). 
Differentiating the ν i -relations above yields
Normalize a 31 = a 34 = a 41 = a 44 = 0 (so t 1 = t 2 = t 3 = t 4 = 0). Then 2δa 45 = −2(z 1 + z 2 )a 45 − t 5 , so normalize a 45 = 0, and let τ i = T ij ̟ j . We have reduced to a 7-dimensional subbundle with: 
) is equivalent to:
and further Bianchi identities imply
There is a duality inducing (B j , B j+4 ) → (−B j+4 , B j ), where j = 1, ..., 4, so WLOG, we may assume that one of B 2 , B 3 , B 4 is nonzero, or B = 0. Similar calculations show that for multiply transitive structures, we must have B 2 = B 3 = 0 (hence, B 6 = B 7 = 0 also). Up to duality, we only have: III.6-1 (B 4 = 0 branch), and III.6-2 (B = 0 branch). Structure equations are given in Table 4 .4. 
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